Maximal multiplicity of the critical points of the CR equation modeling a constant flow stirred tank reactor  by Retzloff, D.G et al.
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 124, 327-338 (1987) 
Maximal Multiplicity of the Critical Points 
of the CR Equation Modeling a Constant Flow 
Stirred Tank Reactor 
D. G. RETZLOFF, P. C-H. CHAN, R. MOHAMED, D. OFFIN, AND C. CHICONE 
University of Missouri-Columbia, Columbia, Missouri 65211 
Submitted by V. Lakshmikantham 
Received June 18 1985 
1. INTRODUCTION 
There has been considerable effort in recent years to determine the 
maximum number of steady states, their stability and associated ynamical 
behavior that arise from the nonlinear equations describing a single con- 
stant stirred tank reactor (CSTR). Retzloff and Chicone [ 1, 21 have con- 
sidered a sequence of consecutive first order chemical reactions and given a 
global upper bound for the maximum multiplicity of steady states that can 
occur. Their formula for this bound is valid for parallel reactions as well. 
There remained an open question as to whether or not this upper bound is 
realized in every case. From the work of Aris [3], Golubitsky and Keyfitz 
[4], and Golubitsky and Schaeffer [S] it is known that the maximum 
number of critical points for a single reaction predicted by a local analysis 
is three, which is the global bound obtained by Retzloff and Chicone [ 1, 21 
and later by Balakotaiah and Luss [6] by a different procedure. For this 
particular case the upper bound is sharp. For two consecutive reactions, 
Balakotaiah and Luss [7, S] have shown that five steady states can exist 
for a specific choice of parameters. However, the specific choice entails the 
assumption that both reactions have infinitely large and equal activation 
energies, which then clearly precludes the most general situation [ 1,2] for 
this problem. Recently Jorgensen, Farr, and Aris [9] have reported in a 
footnote that they observed numerical evidence for up to seven critical 
points for this situation. As seven is the global upper bound predicted by 
Chicone and Retzloff [2] it is worthwhile to prove that this number exists 
and identify the region of parameter space in which this occurs. This is the 
subject of the present work. 
We point out that recent work by Danglemayr and Stewart [ 10, 111 has 
indicated the existence of seven steady states for the problem of a single 
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chemical reaction in two CSTRs coupled in series. Due to the different 
physical and mathematical nature of their problem, a sequential bifurcation 
problem arises which must be handled by methods different from those we 
present. Their results were partially substantiated by the experimental 
observations of Kubicek et al. [ 121 for two sequential CSTRs with recycle. 
In what follows we will use the work of Golubitsky and Keyfitz [4] and 
Golubitsky and Schaeffer [5] to establish the existence of seven steady 
states. The approach is similar to that taken by Balakotaiah and Luss [7]. 
We will also show that if seven steady states exist for the nonadiabatic case 
there also must exist seven steady states for the adiabatic case. Of course, it 
would be desirable to establish whether or not the upper bound for the 
maximum number of critical point is always realized for any number of 
consecutive reactions. However, the present method does not appear to 
generalize to the higher dimensional situations. We will discuss the dif- 
ficulties that are encountered in trying to apply this method to higher 
dimensional cases. Finally we present criteria for the existence of non- 
physical critical points and classify when the various possible numbers of 
critical points occur in terms of values of the process parameters. 
2. MAXIMUM MULTIPLICITY FOR THE CRITICAL POINTS OF A + B-t C 
It has been shown [ 1,2] that the upper bound for the maximum num- 
ber of critical points for the first order reactions A + B + C in a single 
CSTR is seven. The problem is described in detail in [2] and we will adopt 
their notation in what follows. In this section we will prove that seven 
steady states exist in this case. However, before taking up this question we 
first consider if there is any distinction in terms of the maximum mul- 
tiplicity realized between the adiabatic and nonadiabatic operation of the 
CSTR. The following lemma bears on this issue. 
LEMMA 2.1. Zf seven critical points exist for the nonadiabatic operation 
qf the CSTR with the reaction sequence of A -+ B -+ C, then seven critical 
points can be realized in the adiabatic case also. 
Proof Following [2] the steady state equation for the nonadiabatic 
condition can be written as 
F(o)=(po-q)+a,e~‘l”(bw-q)+a,e-Y*”’(do-q) 
+ ol,cr,e-‘Yi+‘2)‘u(CO-q) 
= 0, 
(2.1) 
where the variables are defined in the notation section at the beginning of 
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this paper. By hypothesis (2.1) has seven solutions for some choice of the 
parameters. We now define the following diffeomorphic transformation: 
6 = oplq, 7, =Y,dP, 72 = Y2 4/P, 
6 = b/p, 
(2.2) 
i: = c/p, d” = d/p. 
Substituting (2.2) into (2.1) we obtain 
(2.3) 
It is, therefore, clear that (2.3) can also exhibit seven solutions. However, 
(2.3) can be obtained by letting p = q = 1 in (2.1) which corresponds to the 
adiabatic case. This completes the proof. 
This result is particularly significant because in the adiabatic case chaotic 
phenomena cannot occur while in the nonadiabatic case chaotic behavior 
does occur. ’
To simplify the resulting algebra the following variable transformations 
are used: 
&= l/u’,; x = eil(l --6) 
Da=a,ep’T’, v = a2 e p.T:/Da, 
B, = 7,(6 - 1), B,=jgc”-h”-a+ l), (2.4) 
B3=7&- I), 
k=WYI> 
where from physical considerations 
0 < E, x, Da, v, k d co, 
- codB,,B,,B,<co. 
Using (2.4) in (2.3) we have the following function to consider for the 
enumeration of the critical points: 
f(x,B,,~,Da,v,B,,B,,k)=DaB,x+vDaB,x~ 
+ vDa2(B,+B2+B,)x’+k-lnx-Da(l+&B,)xlnx 
- vDa(l+~B3)xklnx-vDa2[l+~(B,+B2+B3)]x*+klnx. (2.5) 
’ These observations as well as a detailed analysis of the associated dynamical behavior will 
be presented in a subsequent paper. 
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The reader is referred to (58) and (59) in Balakotaiah and Luss [7] 
where a similar function is presented but for the specific choice of 
parameters E = 0, B, = 0, k = 1. It is, therefore, obvious that our for- 
mulation is more general. 
To establish that there are seven critical points we break the problem 
into two parts. First, we show that (2.5) (hence (2.1)) is strongly contact 
equivalent to a seventh order polynomial. Second, we prove that (2.5) is its 
own universal unfolding. The result will then follow. 
LEMMA 2.2. There exists a unique choice of parameters for which (2.5) is 
strongly contact equivalent to the polynomial -x7 + A. 
Proof: Proposition 9.1 of [S] gives the algebraic criteria forf(x) to be 
contact equivalent to a polynomial of the form -x7 + 1. This proposition 
is restated here for the specific case under consideration for the sake of 
clarity. 
PROPOSITION 9.1 (Golubitsky and Schaeffer). A germ f E <X,Al is strongly 
equivalent to -x7 + A if and only if at x = x,., ;I = A, 
f=$ ... =z& 
and 
0 - =wu af + =sgn;5;i 
where (x,., A,.) are the coordinates of the origin of the neighborhood in which 
the strong equivalence holds, 
We now consider (2.5) as a function of the variables (x, B3) and the 
parameters (E, Da, v, B,, B,, k). Thus, B, is chosen to be the bifurcation 
parameter i. This choice is arbitrary from a mathematical viewpoint but is 
suggested from physical considerations to be presented at the end of this 
section. Applying the first part of Proposition 9.1 to (2.5) results in seven 
algebraic equations. By a straightforward albeit tedious manual 
calculation, we have shown that these equations are satisfied identically if 
and only if the following holds: 
lnx,= &(k2+3k+ l), (2.6a) 
(2.6b) 
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v(B, + B, + B3J Da2x: + ’ = &(k’+3k+ l), 
vB,,. Daxt = 
4 
k(k- 1)3 
(k+ 1)(2k2- l), 
(2.6~) 
vDa2[1+e(B,+B2+B3,.)]x~+‘=1, (2.6e) 
vDa( 1 + EB,,) xt = WCs) 
For each choice of k # 1, 0, - 1, (2.6) uniquely determines (x,, B,,) and the 
value of the parameters (E, Da, v, B, , B2). The procedure is as follows: Mul- 
tiplying (2.6d) by E and subtracting from (2.6g), we obtain 
4~ 
k(k- 1)3 
(k+ 1)(2k2- 1). 
Similarly, 
4.5 
-(k (k2 - 2)(k + 1) 
(2.7) 
(2.8) 
and 
vDa2xk+’ = 1 - c &(k2+3k+ 1). (2.9) 
These expressions can now be combined to yield E in terms of k, i.e., 
2c2(k2-2)(k+ 1)3(2k2- 1)-4ek(k- 1)‘(k2+3k+ l)(k’+ 1) 
+ k2(k2+ l)(k+ l)(k- l)‘=O. (2.10) 
Applying (2.10) to (2.7)-(2.9), and dividing into (2.6b), (2.6c), (2.6d), we 
obtain B,, B,, B3c. Also, Da and v can be obtained easily from (2.7) and 
(2.8). 
For k2 = t or k2 = 2, (2.10) reduces to E = k(k + 1)/4(k2 + 3k + l), where 
from (2.9), vDa2xF + ’ = 0. In fact, it can be shown that vDa2x: + ’ > 0 if and 
only if t < k2 < 2. Since Da and v must be positive definite in any physical 
situation, k must therefore be restricted to this range. This conclusion is 
consistent with similar results obtained in [l] and [2] by a different 
procedure. Furthermore, for these values of k, only one root of (2.10) is 
positive and so its interpretation is clear. 
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To verify the second part of Proposition 9.1, it is easily shown that 
g<= -k2(k+ 1)2X,‘<O, 
af 
(2.11) 
1 -=- a4 2 vDaxr( 1 + Dax,,)( 1 + vDa2x: + ’ ) > 0, 
for 4 < k2 < 2. Thus the second part of Proposition 9.1 is also satisfied. We 
now determine the universal unfolding off in 
LEMMA 2.3. For fixed k, f (x, B,, E, Da, v, B,, B2) is its own universal 
unfolding. 
Proof Before proving this lemma we explain why k is taken to be a 
constant. It has been shown [S] that the codimension of -x7 + B, and 
hence f itself is five. This means that the universal unfolding off admits five 
and only five parameters. There are six available, namely E, Da, v, B,, B,, 
k. Therefore we consider k fixed at the value giving rise to (x,, B3=). This is 
similar to the approach taken by Golubitsky and Schaeffer [S] in their 
example problem. To prove Lemma 2.3 we apply Theorem 2.3 and Lem- 
mas 4.1 and 4.2 of [S]. These are restated here in a form directly applicable 
to the problem under consideration. 
THEOREM (Golubitsky and Schaeffer). f (x, B,, E, Da, v, B,, B2) is a 
universal unfolding of ,f if and only if 
M=del 
af ay a'f adf asf a"f --~-- 
aB, aB,ax aB,a2 as3ax3 aB3aX4 5&-S 
af ay a3f a4f asf a"f 
at: 
----- 
a& ax a& ax* aE 8X3 aEax4 aE 8X5 
af a2f a'f a4f a5f a"f -~~--- 
8Da aDaax aDaax* aDaax aDaax” aDaad 
af a*f a3f a4f a5f ahf 
av 
----- 
avax av ax2 avax3 ava2 avax5 
af a2f a3f a4f asf a6f --~--- 
ae, aB, ax aB,aX2 aB,ax3 aB, ax4 aB,aX5 
af a2f a3f a4f a5f a6f ---- 
aB, a~, ax aB, ax2 as2 ax3 aB,ax” aB,aX5 
#O 
(2.12) 
when evaluated at (x,., B3c). 
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Hence to prove Lemma 2.3 we must show that the determinant in (2.12) 
is nonzero for $< k2 < 2, k # 1, - 1. Instead of evaluating the determinant 
directly, however, we choose to perform algebraic manipulations which 
reduce the matrix to a simpler form. Thus, it can be shown that (2.12) is 
satisfied if equivalently 
au 
z 
Hzdet -@ 
aDa 
au 
av 
au 
z 
dV 
aDa 
ati 
is 
aw 
as 
& f0, 
aw 
7% 
(2.13) 
where 
u=r’$-(2k- I)x”$+(k+ I)kxg-(k+ I)kf, 
a4f v=x4@--(k-2)x 3 ?f 2 ?f ,x,+WW2)x axz’ 
w w=x~~ -2(k-3)x 4 a7 ax” +(k-2)(k-3)x 3 d’f 
ax3’ 
(2.14) 
Using the Formula Manipulation Compiler available at the University of 
Missouri-Columbia computing facilities, we calculated (2.14) and hence 
(2.13) exactly and verified that I@ is nonzero for f < k2 < 2. We are now in 
a position to state the main result of this section. 
THEOREM 2.1. There exist seven distinct physically realizable critical 
points for the first order reactions A -+ B + C occurring in a CSTR. 
ProojI By Lemma 2.2 the steady state equation describing the critical 
points is strongly equivalent to the seventh degree polynomial -x7 + ;C. 
This is not sufficient as a seventh degree polynomial may have degenerate 
roots in special cases. However, Lemma 2.3 shows that f is its own univer- 
sal unfolding. Hence for small variations of the parameters off in the 
neighbourhood of (xc, BIc) f will realize all topologically stable types and 
specifically f is strongly contact equivalent to the normal form universal 
unfolding of the seventh degree polynomial -x7 + 1. This guarantees that f 
has seven distinct physical roots in the neighborhood of (x,, B3r). 
Remark 1. We have shown by Lemma 2.3 that a number of different 
bifurcation diagrams can exist in the CSTR when the bifurcation parameter 
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B, is varied. The algorithm for finding all bifurcation diagrams which are 
small perturbations of -x7 + L is described by Golubitsky and Schaeffer 
[5, 133 who give the universal unfolding from which it is a straightforward, 
albeit tedious, procedure to construct the bifurcation diagrams. Thus, 
qualitative information about the bifurcation diagrams for the universal 
unfolding in the dimensionless (or physical) parameters can be obtained. 
An example which illustrated the importance of this observation is the 
following. For A + B -+ C, we have shown’ that when multiplicity occurs, 
the number of steady states must be odd. Furthermore, when the steady 
states are arranged in increasing x, the even numbered ones must be 
unstable. It then follows that branches of stable steady states may exist 
which cannot be detected experimentally by quasistatic variation of B,, 
essentially due to a hysteresis effect. This difficulty will be averted by refer- 
ring to the appropriate bifurcation diagram. 
Remark 2. This problem has a generalization [2] to a series of first 
order reactions given by A -+ B -+ C + . . . + M -+ N. It is natural to ask if 
the methods employed above can be applied to the general case to establish 
the sharpness of the upper bound for the maximum number of critical 
points given in [2]. The answer is unfortunately no because the next 
problem in this generalization is A + B --, C -+ D which is predicted to have 
fifteen critical points while the number of parameters for the problem is 
eleven. Since there is only one state variable, a universal unfolding for this 
case would require fourteen parameters (thirteen unfolding parameters). 
Therefore a universal unfolding does not exist and one cannot establish 
that fifteen critical points exist by extending the lemmas and theorem of 
this work. Furthermore, one cannot establish that fifteen critical points do 
not exist by the above arguments since a fifteenth order contact is not 
required for fifteen critical points, i.e., Theorem 2.1 and its generalization 
are not if and only if statements. 
Remark 3. It is now easy to see why the results of [7, 81 did not 
predict seven steady states. They chose k = 1 at the very beginning of their 
analysis. As we have shown herein, this is a degenerate case and at most 
only live steady states can exist for this choice [2]. 
Remark 4. The selection of the bifurcation parameter 2 is arbitrary 
from a mathematical viewpoint. For the engineer, however, it is convenient 
to choose a variable related directly to one particular physical quantity, so 
that predicted behavior may be experimentally verified. In defining the 
minimum number of dimensionless parameters, however, the physical 
variables have been “lumped” together such that this may not always be 
achieved. Fortunately, the feed concentration of species B, i.e., C,, appears 
ony in B,, hence the choice of B, as the bifurcation parameter. 
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Remark 5. As a numerical example, we choose k =0.8. Substitution 
into (2.6)-(2.10) yields the following: E = 6.6174 x lo-*, Da = 
9.2416 x 10P6, v = 1.2379 x 105, B, = 4.8435 x 105, B, = -4.8430 x 105, 
B,, = - 3.0929. Seven solutions must exist in some neighbourhood of these 
parameter values. Thus, it seems reasonable to assume that when this 
occurs the heats of reaction will have different signs (B, > 0, B, < 0), in 
accordance with the observations of Jorgensen, Farr, and Aris [9]. The 
same conclusion is true for any value of k within the range of interest, i.e., 
+<k*<2. 
Remark 6. The first order reactions A --) C, B --+ D have also received a 
considerable amount of current attention [7, 8, 91. The resulting equation 
for the critical points is similar to (2.3). In fact the upper bound for the 
maximum number of critical points is also seven. It of course would be 
natural to apply our analysis to this problem. However, a straight forward 
application of these results fails when the constraint of physically realizable 
critical points is imposed. Addition analysis is required for this problem 
which will be reported in a subsequent paper. 
3. CLASSIFICATION OF PHYSICAL AND NONPHYSICAL CRITICAL POINTS 
Since only the parameters 5, E, and a contain terms involving the heats 
of reaction, any physical solution must satisfy the following constraints 
(3.1) 
In this section we will restrict our discussion to the parameter values of 
@I, g2, 91, 72, 5, 2, and a in the range given by (3.1). 
DEFINITION 3.1. Physical critical points are given by those values of 
6 3 0 satisfying (2.3). 
DEFINITION 3.2. Nonphysical critical points are determined by those 
values of 5 < 0 satisfying (2.3). 
Using these results the following lemmas provide a classification of the 
physical and nonphysical critical points. 
LEMMA 3.1. If both reactions are exothermic or only slightly endothermic 
so that 5, 2, a> 0, then all the critical points are physical and at least one 
critical point exists. 
Prooj From (2.3) we observe that 
F(O)= -1 -cX,-CQ-cc,cc,<o. (3.2) 
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It is also apparent that for the conditions of this lemma p(G) < 0 when 
~5~0. Now let Omax = max(1, l/a, l/c”, l/z). When G>&,,ax we have 
F(G) > 0. Therefore all critical points must be in the open interval (0, I%~,,) 
and furthermore at least one critical point exists. 
LEMMA 3.2. If both reactions are strongly endothermic so that 6, F, 2~ 0 
then at least one nonphysical critical point exists. 
Proof. We still observe that p(O) < 0. Let 15~~” = min(l/& l/i?, l/J). 
From (2.3) we have that F(G) > 0 for 6 < ~)min and for & sufficiently large. 
This yields at least one critical point for 6 < 0 and one critical point for 
6 > 0. If we let 8 + be the smallest positive value of (;, for which F(G) = 0, 
then (2.3) shows that F(G) > 0 for all ol, > b +. Thus past the first physical 
critical point the function F(G) is strictly positive and therefore this 
physical critical point is unique. 
LEMMA 3.3. If one of the reactions is exothermic and the other reaction 
endothermic then (i) for 8, c” < 0 or 2, c” < 0 there exists at least one physical 
and one nonphysical critical point and the total number of critical points is 
even; (ii) for i; < 0, 2, 2 > 0 or 2 < 0, 8, F > 0 there exists at least one physical 
critical point; (iii) for 6, ?, d”> 0 all critical points are physical and at least 
one critical point exists. 
Proof. For case (i) we observe that there exist a smallest positive value 
of c5, G+ such that for &I > 6 +, F(G) > 0 and a largest negative value of 
d, 8 -, such that for Q < 6 -, F(G) > 0. Furthermore p(O) < 0. These facts 
taken together establish the result for case (i). 
From the conditions of case (ii) and (2.3) we note that there exists an 
b + as previously defined and F(O) < 0 and thus case (ii) follows. 
For case (iii), the proof is identical to that of Lemma 3.1. 
Remark. Case (iii) is most significant as the conditions for the existence 
of seven physical critical points fall into this classification. Thus, we are 
assured that all seven steady states will be physical for the problem 
A-+B-+C. 
These results give the most general classification of the types and num- 
bers of critical points based on the exothermicity (endothermicity) property 
of the reactions. 
4. CONCLUSIONS 
In this work we have shown that the maximum number of steady states 
is realized for the first order reaction sequence A + B + C occurring in a 
CSTR for both the adiabatic and nonadiabatic operation of the reactor 
even though the dynamical behavior is distinctly different for the two 
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situations. However, our results cannot currently be extended to the 
general first order reaction sequence. We have further given criteria based 
on the endothermicityexothermicity properties of the reactions for the 
existence of nonphysical critical points. The significance of these latter 
results lies in the fact that this limits the maximum number of physical 
critical points that can be realized in applications. Because each critical 
point represents a distinct conversion state of the reactants the existence of 
physically attainable multiple steady states provides an opportunity for 
maximizing the conversion of the reactants to either the final or inter- 
mediate product. 
APPENDIX: NOMENCLATURE 
heat transfer area {M*} 
P,(Bl/P) 
‘71(/%/P) 
%Y,uL/P) 
p+B, 
b/p 
concentration of species I {mol 1 - ’ } 
specific heat {calg-‘K-r} 
P+B,+(l+m*)h 
CiP 
Damkohler number {~,e-~l} 
PfN* 
d/17 
activation energy for reacting species I{ cal molt’ } 
volumetric flowrate {Is-‘) 
heat of reaction for reacting species I {cal mol-‘} 
heat transfer coefficient {calm-% -.‘K-‘} 
dimensionless activation energy ratio { EB/EA } 
frequency factor for reacting species I{s -‘} 
dimensionless feed concentration ratio { C,/C,, } 
1 + W~PCp)(T,lT,) 
1 + W~PC,) 
temperature {K} 
reactor volume { I} 
cF,,’ --ri,) 
dimensionless frequency factor for reacting species A {k,,( V/F)} 
dimensionless frequency factor for reacting species B {k,,( V/F)} 
dimensionless heat of reaction for reacting species A { ( -AH,) C’,,/pC, T,} 
dimensionless heat of reaction for reacting species B {(-AH,) C,,/pC, T,} 
dimensionless activation energy for reacting species A (E,/RT,} 
Y ,(dP) 
dimensionless activation energy for reacting species B { E$RT, } 
Y*(dP) 
dimensionless inverse activation energy for reacting species A{ l/p, 1 
bifurcation parameter 
density { gM-3} 
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” Damkohler number ratio {a&l/Da} 
0 dimensionless inverse temperature { TJT) 
itA 
W(Phl) 
space of C” germs 
Subscripts 
A species A 
B species B 
c cooling medium, bifurcation value 
f feed state 
Nofe added in proof. While this paper was in print, it was proved independently (Farr and 
Aris, Chem. Engr. Sci. 41 (1986), 138551402) that seven solutions exist for two consecutive 
first order reactions in a single CSTR. However, these authors assumed that species B is not 
present in the feed, i.e. B, = 0. It is then easily shown, by (2.6d) and the discussion which 
follows, that a seventh-order contact (star singularity) is not possible in their calculations. Not 
surprisingly, therefore, these authors obtained only a sixth-order contact (the wigwam). In 
contrast, no assumptions are made in our work, which is then the most general solution for 
the problem at hand. The star singularity that is derived here will act as an organizing center 
for all the lower singularities. 
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